
VII.4 Mayer-Vietoris Sequence

U-small homology and sd-operator

1. Define a chain map sd : Sp(X)→ Sp(X) naturally : use induction

p = 0 · · · → S0(X)
ε
→ Z

↓ sd0 = id ‖
→ S0(X)

ε
→ Z

p > 0 : 1st for ip ∈ Sp(4
p) ,∀p

Define βp : 4
′
k(4

p)→4′
k+1(4

p) as β(v0, · · · , vk) = (b, v0, · · · , vk) where b is
a barycenter of 4p and 4′

k(4
p) is a subgroup of Sk(4

p) generated by affine
singular k-simplices denoted by (v0, · · · , vk).
Then ∂β + β∂ = 1 :
Given σ = (x0, · · · , xk) ∈ 4

′
k(4

p),
∂σ = ∂(σ]ik) = σ](∂ik) = σ](Σ(−1)

i(e0, · · · , êi, · · · , ek)) = Σ(−1)
i(x0, · · · , x̂i, · · · , xk)

Now apply the formula for join operator in the proof of Lemma9.(3.Homotopy
invariance of homology)
1 st : Define sd for i ∈ 4p(4

p) as follows.

i
∂ //

sd

²²

∂i

sd

²²

βsd∂i ∂ // sd∂i ∈ 4p−1(4
p)

β
oo

sdi := βsd∂i
Then ∂sdi = ∂βsd∂i = sd∂i− β∂sd∂i = sd∂i− βsd∂∂i = sd∂i,
i.e., sdi is a chain map.
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2nd on X :
ip

σ]¡¡¢¢
¢
¢
¢

∂ //

sd

²²

∂i

σ]}}{{
{
{
{
{

sd

²²

Sp(X) //

sd

²²

Sp−1(X)

²²σ]
}}||
|
|
|

//

σ]
{{ww
w
w
w
w

Sp(X) // Sp−1(X)

������� �	�
��	��� ���� ������ �	 commute ������� sdX  ! "�#%$&(')*+-,/. ����10 �2 ����435 commute �������768:9; < �>=	�@?%A chain map BC:DE #%$&F')HGI �KJ � .
Naturality of sdp : same as before

2. sd ' id: chain homotopic.LMONQPSRT use AMT.
sd, id : S(X)→ S(X) natural chain maps
⇒ ∃ natural chain homopoty D : sd ' id.

Note. Cor. of AMT ⇒ sd is a natural chain homopoty equivalence.

3. Let U = {A} be s.t. X =
⋃
{Å|A ∈ U}. Then ∀σ : singular p-simplex in

X,∃m > 0 s.t. sdm(σ) ∈ SU
p (X) where S

U
p (X) = {σ ∈ Sp(X)|σ(4

p) ⊂ Å for
some A ⊂ U}LMONQPSRT X =

⋃
{Å|A ∈ U} ⇒ 4p =

⋃
{σ−1(Å)|A ∈ U}

Let ε be a Lebesque number for this open cover.
Choose m s.t. ( p

p+1
)mmesh(4p) < ε

4. Let U = {A} be s.t. X =
⋃
{Å|A ∈ U}. Then i : SU(X) ↪→ S(X) is a chain

homotopy equivalence.LMONQPSRT Construct a chain homotopy inverse τ : S(X) → SU(X) s.t. τ ◦ i = id
and i ◦ τ ' id:
Let m(σ) be the smallest integer s.t. sdm(σ)(σ) ∈ SU

p (X)

Note m(σ) ≥ m(σ(i))
Want T s.t. ∂T + T∂ = i ◦ τ − id.
2.
⇒ ∃D s.t. ∂D +D∂ = sd− id
⇒ ∂Dsd+Dsd∂ = sd2 − sd
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...
∂Dsdk−1 +Dsdk−1∂ = sdk − sdk−1

U5WVX Y[Z ��� ����
∂D(1 + · · ·+ sdk−1) +D(1 + · · ·+ sdk−1)∂ = sdk − id

Define T (σ) = D(1 + · · ·+ sdm(σ)−1)(σ)
Then (∂T + T∂)(σ) = ∂T (σ) + T∂(σ)

= sdm(σ)(σ)−σ−D(1+ · · ·+ sdm(σ)−1)∂σ+Σ(−1)iD(1+ · · ·+ sdm(σ(i)))−1σ(i)

= sdm(σ)(σ)− σ − Σ(−1)iD(sdm(σ(i)) + · · ·+ sdm(σ)−1)σ(i)

∴ Define τ(σ) = sdm(σ)(σ)− Σ(−1)iD(sdm(σ(i)) + · · ·+ sdm(σ)−1)(σ)

Then (∂T + T∂) = i ◦ τ − id.

Now note that τ ◦ i = id on SU(X)
(∵ �	@\� U -small ���^] �_ � m(σ) = 0,m(σ(i)) = 0)
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Snake lemma(Zig - Zag lemma)

(1) Given a short exact sequence of chain complexes,

0 // C
′ i // C

q
// C

′′ // 0

where C = {Cp, ∂}, · · · etc. and i and q are chain maps. Then we can
obtain a long exact sequence

· · ·
∂∗// Hp(C

′

)
i∗ // Hp(C)

q∗
// Hp(C

′′

)
∂∗// Hp−1(C

′) // · · ·

`badc  ?%A ∂∗ ef g J �ihj k �� �	�
l�	 #%$&(')mGI �nJ � . oXqp@r� c
′′

∈ Z
′′

p s[t�uwvyx{z ?%A ∃c ∈ Zp such that
q(c) = c

′′ ��� 9; q |>� chain map �	~}C�DE q ◦ ∂(c) = ∂ ◦ q(c) = ∂(c
′′

) = 0 �	F���&��	�� x{z�����^�� J � . < �>=	�@?%A exactness s[t ') x{z ?%A i(c′) = ∂(c)  ! " ���&��	�� ��� ef g c
′

∈ Z
′

p−1 |>�l�� �� z�x{z ��� ��� 9; ∂∗[c
′′

] := [c
′

] DE #%$&F') �^�� J � .
Well-definedness  ! " check ��� c ��� x{z ?%A J �ihj k VX |>���   ! "�� ��K�����E7� � . � r� �@¡ c uwv£¢¥¤�s[t J �§¦¨ � c1 ∈ Zp  ! " p@r��©bª«�¬ ª J � 9; |>� #%$& ��� ���� , ∃a ∈ Z ′

p such that i(a) = c− c1 |>�®68` . c1 s[t ') x{z ?%Aq¯° ± =	�>² ¤� c
′

1 ∈ Z
′

p−1 s[t³uwv~x{z ?%A ∂a = c
′

− c
′

1 |>� ���&��	�� �^�� J � . ´j � ∂∗ ')#%$&(') ef g c ') p@r��©bª« �� µXW¶·¸� �������º¹ �� #%$&F')HGI �KJ � . »5 �^�� c
′′ uwv¼¢¥¤� s[t c′′ + ∂d′′ ½! " p@r��©bª« x{z35 ¹ �� #%$&F')HGI �KJ � . `ba¾c  ?%A ∂d′′ ef g [c

′′

] = [c
′′

+ ∂d
′′

]  ! " ���&¿�	�� ��� ef g Z
′′

p
') J �¾¦¨ � ÀÁÃÂÅÄÆ�	 J � .

�	wÇÉÈ long exact sequence ') exactness  ! " check x{z �EÊ� � .� r� �@¡ Hp(C) s[t ?%A exact �^�� �   ! "�� ��K�����E ���� , q ◦ i = 0 �	~}C�DE q∗ ◦ i∗ = 0 �	����&¿�	�� ��� 9;< �>=	�@?%A im i∗ ⊂ ker q∗ �	Ë���&��	�� �^�� J � . »5 �^�� q(c) = ∂d
′′ Ì ¤� c s[tÍuwvyx{z ?%A q(d) = d

′′ =	�VX ���� , q(c−∂d) = q(c)−∂q(d) = q(c)−∂d
′′

= 0 �	�}C:DE i(c′) = c−∂d
Ì ¤� c′ ∈ Z ′

p |>��� � � z �^�� J � . < �>=	�@?%A [c] = i∗[c
′

] �	Å���&��	�� x{z ?%A ker q∗ ⊂ im i∗ |>��68 ` . Hp(C) s[t ?%Aef g exact ��� J � . �	�
qÎ¨ �ÐÏ^ÑÒ¿Ó�Ô� BC:DE diagram chasing
½! "ÖÕ×�Ø x{z ?%A Hp(C

′′

) ÙÚ Hp(C
′

) s[t ?%A
exact Û�ÜÝ ½! "�ÞßOà ��� 0 ��âáX ã�äå J � .
(2) �� ÙÚ �	�
l�	�æ/çè ` . ² ¤� long exact sequence ef g functorial �	 J � . ´j � , éê ` . ² ¤� com-
mutative diagram s[tëuwvyx{z ?%A
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0 // C ′
i //

α′
²²

C
q

//

α
²²

C
′′ //

α
′′

²²

0

0 // D′

j
// D p

// D
′′ // 0

� �>ì z diagram �	 commute �^�� J � .

· · ·
∂∗// Hp(C

′) //

α
′

∗²²

Hp(C) //

α∗
²²

Hp(C
′′

)
∂∗ //

α
′′

∗²²

Hp−1(C
′) //

²²

· · ·

· · ·
∂∗// Hp(D

′) // Hp(D) // Hp(D
′′

)
∂∗// Hp−1(D

′) // · · ·
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Mayer-Vietoris sequence

1. Let U = {A,B} be such that
◦

A∪
◦

B = X. Consider Sp(A), Sp(B) ⊂ SU
p (X).

Then we have a short exact sequence

∂²² ∂⊕∂²²

(?) 0 // Sp(A ∩B)
φ

//

∂
²²

Sp(A)
⊕

Sp(B)
ψ

//

∂⊕∂
²²

SU
p (X) // 0

where φ(c) = (c,−c) and ψ(a, b) = a+ b.

(Check) φ is one-to-one.
ψ is onto.
ψ ◦ φ = 0 and ker ψ ⊂ im φ

Note φ and ψ are chain maps. Furthermore, (?) is functorial,
i.e., for any f : (X,A,B)→ (X

′

, A
′

, B
′

)
⇒

0 // S(A ∩B)
φ

//

f]²²

S(A)
⊕

S(B)
ψ

//

f]⊕f]²²

SU(X) //

f]²²

0

0 // S(A
′

∩B
′

)
φ

// S(A
′

)
⊕

S(B
′

)
ψ

// SU(X
′

) // 0 commutes

Hence, by snake lemma, (?) induces a functorial long exact sequence

· · · // Hp(A ∩B)
φ∗

//

f∗²²

Hp(A)
⊕

Hp(B)
ψ∗

//

f∗⊕f∗²²

HU
p (X)

∂∗ //

f∗²²

Hp−1(A ∩B) //

f∗²²

· · ·

· · · // Hp(A
′

∩B
′

) // Hp(A
′

)
⊕

Hp(B
′

) // HU
p (X

′

) // Hp−1(A
′

∩B
′

) // · · ·

`badc  ?%A �	 long exact sequence  ! " Mayer-Vietoris sequence =	� 9; íê ¦¨ � J � .
Note φ∗(γ) = (γ,−γ) and ψ∗(α, β) = α + β.

�	wÇÉÈ ∂∗α  ! " �ïîñð�òó x{z �E7� � . α ∈ Hp(X) ∼= HU
p (X) ef g α = {a} = {a1 + a2}, for

a1 ∈ Sp(A) and a2 ∈ Sp(B) DE ô%õöñ÷	øùnú�ûü áX ã�äå 9; , � ��ì z ') diagram
½! " �E ���� ,
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· · ·
φ

// (a1, a2)
ψ

//

²²

a1 + a2

∂
²²

∂a1
// (∂a1, ∂a2) // ∂a1 + ∂a2 = 0

< �>=	�@?%A ∂∗α = ∂∗{a} = ∂∗{a1 + a2} = {∂a1} |>� GI �nJ � .
2. Mayer-Vietoris sequence holds also for reduced homology if A ∩ B 6= ∅ ; It
suffices to check that (?) holds for augmented chain complex.

0 // S0(A ∩B)
φ

//

ε
²²

S0(A)
⊕

S0(B)
ψ

//

ε⊕ε
²²

SU
0 (X)

//

ε
²²

0

0 // Z
φ

// Z
⊕

Z
ψ

// Z // 0

�� ') diagram s[t ?%A diagram commutativity  ! " check ú�ûü áX ã�äå BC }C�DE oXþý  ef g
reduced homology ') funtorial long exact sequence  ! " æ/çè ��� GI �KJ � .
3.(Remark) Mayer-vietoris sequence holds in general for an excisive couple
A,B ⊂ X(A ∪B = X).
{A,B} is an excisive couple if S(A) + S(B) ↪→ S(X) induces an isomor-

phism in homology.

4. Mayer-Vierotis sequence for simplicial homology
4(K1) +4(K2) = 4(K1 ∪K2) and C(K1) + C(K2) = C(K1 ∪K2) |>� ���&��	�� ���}C�DE simplicial homology s[t�uwv �^�� Mayer-Vietoris sequence |>� ���&��	�� �^�� J � .
5.Example

(1) H∗(S
n)

B
A *+ ÿ �� �� �	�
l�	 A  ! " �� �����	�
� ÙÚ  ø� ���	�
� ') ���ù�� òó ½! " �� Û�ÜÝ �^�� ����

BC:DE ��� 9; B  ! "  ø� ���	�
� ÙÚ �� �����	�
� ') ���ù�� òó ½! " �� Û�ÜÝ �^�� ���� BC
DE ��� ���� , A ÙÚ B ef g ◦

Dn ´j � , point ÙÚ homotopy type �	 �	�
 9; ,
A∩B ef g Sn−1 ÙÚ homotopy type �	 �	�
 J � . < ��=	��?%A Mayer-vietoris sequence  ! " #���
h� Ø x{z �E ���� ,

· · · // H̃p(A ∩B)
// H̃p(A)

⊕
H̃p(B)(= 0)

// H̃p(S
n)

∂ // H̃p−1(A ∩B)
// · · ·
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∴ H̃p(S
n) ∼= H̃p−1(S

n−1) ∼= · · · ∼= |>� ���&¿�	�� x{z ?%A #%$& ý  ��� ���� J �ihj k �� �	�
 J � .
n > 0 p = n > 0⇒ H̃n(S

n) ∼= · · · ∼= H̃0(S
0) ∼= Z

p > n⇒ H̃p(S
n) ∼= · · · ∼= H̃p−n(S

0) ∼= 0

p < n⇒ H̃p(S
n) ∼= · · · ∼= H̃0(S

n−p) ∼= 0

< �>=	�@?%A
Hp(S

n) = {
Z p = 0, n
0 otherwise

.

Hp(S
0) = {

Z
⊕

Z p = 0
0 otherwise

.

|>� ���&��	�� �^�� J � . �	�ÇÉÈ H1(S
1) ∼= Z ') generator  ! " ô%õöñ÷	øù x{z �EÊ� � . � r� �@¡ H1(S

1) =

H̃1(S
1)

∂∗∼= H̃0(S
0) = Z �	~}C�DE H̃0(S

0) ') generator  ! "! #"$ � � .
oXqp@r� · · ·

∂
→ S0(S

0)(= Z
⊕

Z)
ε
→ Z → 0

½! " � ��n���
A

B
x y

A

B
x y

a1

a2

�E ���� kerε = (a,−a) �	 9; < ��=	��?%A S0(S
0) ') cycle Î¨ �

〈(1,−1)〉 �	 J � . �&%')(* + H̃0(S
0) ') generator ef g x − y |>�GI �nJ � .

�	wÇÉÈ-,/.0 ') *+ ÿ �� �� �	�
��	 1-chain a1, a2  ! " #%$&(') ��� � � . *+,/. ����W0 �2 ') e1 g ') s[t ') x{z ?%A ∂∗(a1+a2) = ∂a1 = x−y |>����&¿�	�� �^�� J � . < �>=	�@?%A H1(S
1) ') generator ef g {a1 + a2} |>�GI �nJ � .

H2(S
2) = Z generator ef g µX æ32� Ì ¤� |>� ?(check)

(2)Figure eight(=X) s[t�uwv �^�� homology  ! " �ïîñð�òó x{z �E7� � .

A

B

*+þÿ �� �� �	�
��	 A ÙÚ B  ! " p@r��©bª« ��� ���� , A ÙÚ B ef g S1 �� A ∩ B ef g point ÙÚ homotopy
type �	 �	�
 J � . �	wÇÉÈ Mayer-Vietoris sequence s[t #��� h� Ø54 7698 �E ���� ,
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· · · // H̃p(A ∩B)
// H̃p(A)

⊕
H̃p(B)

// H̃p(X)
// H̃p−1(A ∩B)

// · · ·

H̃(pt) = 0 �	~}C�DE H̃p(A)
⊕

H̃p(B) ∼= H̃p(X) |>��68 ` .
H̃p(X) = {

Z
⊕

Z , p = 1
0 , otherwise

.

|>� ���&��	�� �^�� J � . �	 Ï^ÑÒ¿Ó�Ô� ½! " �	 h� Ø ��� ���� , :7;' ���	 #��� BC:DE
X = S1 ∨ · · · ∨ S1

r
:7;' �9<& oX

H̃p(X) = {
Zr , p = 1
0 , otherwise

.

|>� ���&��	�� �^�� J � .
(3) Closed surface

X = = b

a

b

a
B

A

=5 ¦¨ � �� � *+ ÿ �� s[t ?%AñÙÚ �	�
��	 Torus s[t ?%A �^�� #��> ½! " ?A@CBD � open set
½! " B,

*+ #��> ½! " ��
Û�ÜÝ ��� ef g open neighborhood  ! " A =	� 9; ��� ���� A ef g point ÙÚ homotopy type �	 �	�
9; , B ef g figure eight

*+ ý  9; A ∩ B ef g S1 ÙÚ homotopy type �	 �	�
 J � . < �>=	�@?%A
Mayer-Vietoris sequence s[t #��� h� Ø ��� ���� ,

· · · // H̃p(A ∩B)
// H̃p(A)

⊕
H̃p(B)

// H̃p(X)
// H̃p−1(A ∩B)

// · · ·

|>�Q68 9; ( `badc  ?%A H̃p(A) = 0 �	 J � .), Õj � ÓFE'HG 
0 // H̃2(X)

// H̃1(S
1) // H̃1(B)

// H̃1(X)
// H̃0(S

1) // · · ·

 ! " � ��K�����E ���� (H̃2(B) = 0), H̃1(S
1) → H̃1(B) |>� zero map �	 68 }C:DE H̃2(X) ∼=

H̃1(S
1) = Z, H̃1(X) ∼= H̃1(B) = Z

⊕
Z |>� GI �KJ � . »5 �^�� , p ≥ 3 �	 ���� , H̃p(B) =

0, H̃p−1(S
1) = 0 �	~}C�DE

9



Hp(X) =





Z , p = 0

Z
⊕

Z , p = 1

Z , p = 2

0 , otherwise

|>� GI �KJ � .

X = P 2 =

a

a

BA

a

∼= B

P 2 s[t ?%A VXJIbr�LKNM *+ ÿ �� �� �	�
��	 �^�� #��> ½! "O?A@CBD � open set ½! " B,
*+ #��> ½! "P�� Û�ÜÝ ��� ef g open

neighborhood ef g A =	� 9; ��� ���� A ef g point, B ÙÚ A∩B ef g S1 �� homotopy type �	�	�
 J � . Mayer-Vietoris sequence s[t #��� h� Ø ��� ���� ,

· · · // H̃p+1(X)
// H̃p(S

1) // H̃p(B)
// H̃p(X)

// H̃p−1(S
1) // · · ·

Õj � G  ,
0 // H̃2(X)

f
// H̃1(S

1)
g

// H̃1(B)
h // H̃1(X)

// H̃0(S
1) // · · ·

 ! " �E ���� , g : H̃1(S
1)(= Z) → H̃1(B)(= Z) ef g 1

½! " 2a DE �ERQ v ef g map �	~}C�DE ( S È
Ibr�HKNM *+ ÿ ��UTWVXZY5 ) injective �	 J � . < �>=	�@?%A f |>� zero map �	 68 ` . , H̃2(X) = 0 �	GI �nJ � . »5 �^�� H̃0(S

1) = 0 �	~}C�DE h |>� surjective �	 9; , H̃1(X) ∼= H̃1(B)/ker h =

H̃1(B)/im g ∼= Z/2Z |>� GI �KJ � . ´j � ,

Hp(X) =





Z , p = 0

Z/2Z , p = 1

0 , otherwise

�	 J � .
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Note*+þÿ �� �� �	�
��	 a, b, c *+ ý  9; D  ! "Ö#%$&(') ��� ���� , 0 = {∂D} = {c} − {a} − {b} |>� ���&�	�� ��� }C�DE , H1(X) [@òó s[t ?%A {c} = {a}+ {b} |>� GI �KJ � .
\ ��� F] øù BC�DE P 2 s[t ?%A coefficient  ! " Z uwv£¢¥¤� R »5 ef g Z/2  ! "

c
a b
D

ª

X =

ô%õö ÷	øù x{z �EÊ� � . oX p@r� R ') �9<& oX im g = R �	~}C�DE H1(P
2,R) =

0 �	 GI �nJ � . \ �W^ �	 |>���  DE Z/2 ') �9<& oX s[t ef g g |>� zero map�	 68 }C�DE H2(P
2,Z/2) ∼= H1(S

1,Z/2) = Z/2,
*+ ý 9; H1(X,Z/2) ∼= H1(B,Z/2) = Z/2 |>� GI �KJ � .

_` a�b&c 23 Compute H∗(closed surface).
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